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FiGURe 11. Evolution of a two-dimensional breaking interfacial wave with non-dimensional
interface thickness k6 =mn/10 that breaks in regime A in figure 10. The wave propagates from
left to right.

thickness in the range /10 < ké < m forced until breaking. The scatter results from
the transient oscillations in the steepness that cause E, to be slighly out of phase
with ka, and hence leads to slight discrepancies in the point at which dE,/d¢r =0. The
solid line depicts the theoretical critical steepness limit derived from a least-squares
fit to the data. The results show that the particular instability that limits the steepness
of a breaking interfacial wave can be divided into the three regimes shown, namely
A:k§<0.56, B: 0.56 < k§ <2.33 and C: k§ > 2.33.

Figure 11 depicts growth to instability of an interfacial wave in regime A. The
dynamics of waves in this regime is covered by (Troy 2003), who provides the
following argument. The critical steepness is limited by a Kelvin—-Helmholtz shear
instability at the interface. Clockwise Kelvin—Helmholtz billows form in the trough
where the vertical shear is positive, while counterclockwise Kelvin—-Helmholtz billows
form at the crest where the vertical shear is negative. For waves in regime A, the
wavelength of the most rapidly growing disturbance arising from the shear instability
is less than 1/4 of the wavelength of the interfacial wave. If the wavelength of the most
rapidly growing disturbance of a shear instability is given by Axy =2.85 (Hazel 1972),
and these disturbances grow uninhibited within interfacial waves with wavelengths of
at least 41gy, then this corresponds to interfacial waves with k8 < 0.56. Effectively,
the shear instability ‘fits’ into the interfacial waves in regime A.

When the interface thickness increases beyond k8 =0.56, the dominant instability
is also a shear instability, since the critical steepness of these waves closely follows the
line for which ka,. = 0.85k8'/4. This corresponds to a line of constant R, = 1.85 in the
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FIGURE 12. Evolution of a two-dimensional breaking interfacial wave with non-dimensional
interface thickness k8 =n/2 that breaks in regime B in figure 10. The wave propagates from
left to right.

(Rmax> Fruax)-plane, or a line of constant minimum Richardson number of Ri,;, =0.13.
Interfacial waves therefore do not necessarily break at the critical Richardson number
for linear stability of Ri,;, =0.25. In this regime, the size of the Kelvin—-Helmholtz
billows is of the same order of magnitude as the amplitude of the interfacial wave, as
shown in figure 12. As a result, the wave appears to overturn owing to a convective
instability when a statically unstable situation occurs at /T = 14.0. At this point,
the phase speed of the wave has decreased and indeed the maximum Froude number
of the wave, Frp,. =una/c, does exceed unity. However, the initial instability is still
brought about by a shear instability that effectively increases the maximum velocity
and reduces the wave speed so that the Froude number becomes supercritical. This
property is what defines the waves in regime B: the capability of the Kelvin—-Helmholtz
billows to induce a two-dimensional convective instability. The size of the Kelvin—
Helmholtz billows in the interfacial waves in regime A are not large enough to induce
such a situation, and hence Fr,,, does not exceed unity for these waves.

The interface thickness of the waves in regime C is so large that the Kelvin—-
Helmholtz billows cannot form and hence the instability is purely convective. These
waves are limited to a maximum steepness of roughly ka. = 1.05, as shown in figure 10,
which shows that the approximation Fr,,, =ka holds very well even for such highly
nonlinear waves. This is consistent with the findings of (Holyer 1979), who shows
that Boussinesq irrotational waves are limited to a steepness of ka.=1.1, indicating
that interfacial waves with thick interfaces behave as irrotational waves because the
shear at the interface is negligible. Instead, nonlinear forces within the wave cause
the maximum fluid velocity within the wave to exceed the wave speed before a
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FiGURE 13. Evolution of a two-dimensional breaking interfacial wave with non-dimensional
interface thickness k8 = r that breaks in regime C in figure 10. The wave propagates from left
to right.

Kelvin—Helmholtz instability can develop, as shown in figure 13. The lack of shear-
induced billows leads to less spectacular two-dimensional breaking for the waves in
regime C. Statically unstable regions of fluid move out ahead of the wave crest where
the local Froude number becomes supercritical, leading to more localized regions of
instability. This was shown to be the case for the waves in the experiments of Thorpe
(1978).

To summarize, the initial instability of breaking interfacial waves is due to shear
when the interface thickness is less than k6 =2.33. When k8 < 0.56, the length scale
of the Kelvin—Helmholtz billows is smaller than one quarter of the wavelength of
the interfacial wave, and hence they grow less impeded by the wave and do not
induce a convective instability (Troy 2003). Larger interface thickness waves develop
more energetic Kelvin—Helmholtz billows that lead to a convective instability because
the billows reduce the phase speed of the wave so that Fr,,, > 1. When the interface
thickness is too large, Kelvin—Helmholtz billows do not form and the instability is
purely convective and much weaker. The relative size of the billows plays an important
role in the mixing and dissipation that results in the three-dimensional dynamics that
ensue after the initial two-dimensional instabilities. This is discussed in § 5.

5. Three-dimensional dynamics and mixing
5.1. Description of breaking dynamics

Figures 14, 15 and 16 depict the isosurface of p =0 for breaking interfacial waves in
the three regimes depicted in figure 10. All three figures show how three-dimensionality
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FIGURE 14. Isosurfaces of p =0 for a breaking interfacial wave with k§ = /10, corresponding
to regime A in figure 10, at 6 points in time after release of forcing. The wave propagates from
left to right.

t/T=0

FIGURE 15. Isosurfaces of p =0 for a breaking interfacial wave with k8§ =m/2, corresponding
to regime B in figure 10, at 6 points in time after release of forcing. The wave propagates from
left to right.

is not evident until after the cross-stream rolls develop as a result of an initial two-
dimensional instability. The waves in figures 14 and 15, corresponding to regimes
A and B in figure 10, generate regions which are susceptible to a cross-stream
convective instability only after development of the initial two-dimensional shear
instability. Likewise, the wave in figure 16, corresponding to regime C in figure 10,
develops three-dimensionality after the initial two-dimensional convective instability.
Because the time scale associated with the shear instability is shortest for the wave
with the thinnest interface, the wave in figure 14 develops the Kelvin—-Helmholtz
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FIGURE 16. Isosurfaces of p =0 for a breaking interfacial wave with k8 ==, corresponding to
regime C in figure 10, at 6 points in time after release of forcing. The wave propagates from
left to right.

billows sooner than those in figure 15. The three-dimensional instabilities develop the
latest for the wave in regime C, indicating that the weakest instability is the initial
convective two-dimensional instability for large k5. Clearly, the wave that loses the
most energy of the three is that in regime B. By the sixth frame, very little of the
initial wave profile is left over, while a clear wave signature is left over for the waves
in regimes A and C. This is discussed in more detail in §5.2.

Unlike critical layers, the breaking mechanism for interfacial waves is unambiguous.
First, depending on the regime, either Kelvin—Helmholtz billows or Rayleigh—Taylor
billows develop at the crest and troughs of the waves. Then, energy is transferred to
the cross-stream dimension through convective instabilities that develop as a result
of the initial two-dimensional billows. These cross-stream convective instabilities
develop in regions where the fluid is in a statically unstable situation for enough
time for the convectively driven three-dimensional flow to manifest itself. Therefore,
because this statically unstable situation can only arise from the development of
the two-dimensional billows, the three-dimensional convective instability is limited to
occurring after the initial two-dimensional billows form. Just as Winters & D’Asaro
(1994) found for critical layers, the cross-stream instability for interfacial waves is
dominated by a convective instability which generates longitudinal rolls that account
for most of the wave breaking and energy loss. These longitudinal rolls are reported
by Dornbrack (1998) to account for a significant portion of the energy loss and
mixing in critical layers as well.

Figures 17, 18 and 19 depict isosurfaces of p=0 and longitudinal vorticity
(w1 =us3, —uy3) for interfacial waves in regimes A, B and C in figure 10, respectively.
The vorticity isosurfaces represent the longitudinal vorticity with frequency w; =w/2,
and are shown at a point in time when the cross-stream kinetic energy is maximized for
each case. This longitudinal vorticity grows initially as a result of a statically unstable
situation that results from the initial two-dimensional instability. In figures 20(a) and
20(b), the contours of longitudinal vorticity exist only in the statically unstable regions
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FiGUure 17. Isosurfaces of p =0 (red) and longitudinal vorticity w; for a breaking interfacial
wave with interface thickness k8 =m/10, corresponding to regime A in figure 10, when the
cross-stream kinetic energy is maximized at ¢/ T = 2.33 after release of forcing. Blue and green
isosurfaces represent positive and negative longitudinal vorticity of magnitude w;/w=1/2. The
wave propagates from left to right.

formed by the two-dimensional Kelvin—-Helmholtz billows, while in figure 20(c),
longitudinal vorticity exists in statically unstable regions formed by the two-
dimensional Rayleigh-Taylor instability. The longitudinal vorticity that forms for
all three cases is further enhanced by the stretching of vortex filaments by the two-
dimensional billows. The relative strength of the longitudinal vorticity, and therefore
the length scale of the longitudinal rolls, is set by the local thickness of the statically
unstable region that develops from the two-dimensional instability. Because the time
scale of the formation of the convective billows is inversely proportional to the local
thickness of the statically unstable region, longitudinal vorticity grows only when
the local thickness becomes small enough such that the time scale of the instability
drops below the overturning time scale of the overlying two-dimensional instability
that feeds energy into the longitudinal rolls. Therefore, because the time scale of the
overlying two-dimensional instability grows with increasing k8, so does the length
scale of the longitudinal rolls, albeit substantially smaller than k5. As discussed in the
next section, it is the length scale of the overlying two-dimensional instability that
governs the mixing and dissipation of the breaking process.

5.2. Irreversible energy changes and the mixing efficiency

According to Winters et al. (1995), the potential energy can be split into its available
and background components so that

E,=E,+E,. (5.1)
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FiGURE 18. Isosurfaces of p =0 (red) and longitudinal vorticity w; for a breaking interfacial
wave with interface thickness k8 =m/2, corresponding to regime B in figure 10, when the
cross-stream kinetic energy is maximized at /T =2.93 after release of forcing. Blue and green
isosurfaces represent positive and negative longitudinal vorticity of magnitude w;/w =1/2. The
wave propagates from left to right.

The background potential energy, E,, represents the potential energy of the system
if it were allowed to come to rest adiabatically. That is, if at some instant in time
the scalar diffusivity vanished, then eventually the flow would come to rest in some
statically stable state in which the potential energy was equal to the background
potential energy. A general definition of the background potential energy is given by
(Winters et al. 1995),

E,=2% / p(z)z" dV, (52)
Lo Jv

and it evolves according to

dE, =gy =5 / Z'V2p(z")dV, (5.3)
dr po Jv

where p(z") is the density distribution in its background state. Computation of the
background potential energy is expensive (Fringer 2003) because it requires a sorting
of the density field in ascending order. We employ the Quicksort algorithm (Roberts
1998), which requires O(N log N) operations to sort an array of length N. Since the
three-dimensional computations we perform have N = 1283 finite volumes, a slower
algorithm would be unaccepatable. After a direct computation of the background
potential energy is made, the available potential energy can be obtained with E, = E,—
E,. The potential energy is in turn related to the total energy Er and kinetic energy
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FIGURE 19. Isosurfaces of p =0 (red) and longitudinal vorticity w; for a breaking interfacial
wave with interface thickness k8§ =n, corresponding to regime C in figure 10, when the
cross-stream kinetic energy is maximized at ¢/ T = 3.66 after release of forcing. Blue and green
isosurfaces represent positive and negative longitudinal vorticity of magnitude w;/w =1/2. The
wave propagates from left to right.

E; via
dE;, dE,
R — —_— = — -4
dr dt © (54)
where the volume integrated dissipation is given by
ou; du;
e=v/ i 0 gy, (5.5)
1% 3Xj ij

Figures 21(a) and (b) depict the energy budgets of breaking interfacial waves with
ké=m/10 (a) and k6 =m/2 (b) as departures from their values just before breaking
at r=t, and normalized by the maximum available potential energy, E, .., Which
is the available potential energy at t =¢,. Upon breaking for both cases, there is an
immediate rise in the kinetic energy at the expense of the available potential energy.
The rise in the kinetic energy results from the creation of the longitudinal rolls
that result from the cross-stream convective instability. Soon after, the kinetic energy
drops along with the available potential energy until the available potential energy
asymptotes to a lower level, at which a lower-amplitude wave exists with a thicker
interface, as shown in figures 22 and 23. These figures depict the wave-averaged
density profiles of the waves just before and 10 periods after breaking, where the
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FIGURE 20. Surface plots of the wave-averaged density field and the associated contours of
positive (blue) and negative (green) longitudinal vorticity of magnitude w;/w=1/2 in plane
A — A’ when the cross-stream kinetic energy is maximized. The interface thickness and time
are given by (a) kd=m/10, t/T =2.33; (b) k6 =n/2, t/T =2.93; (c) k6 =m, t/T =3.66. The
wave propagates from left to right.
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FIGURE 21. Energy budgets of breaking interfacial waves with interface thickness (a) k6 ==/10
and (b) k8 =n/2, normalized by the maximum available potential energy. The time is relative
to t,, the point at which breaking occurs. Legend: —, E7; ———, E,; ——, Ex; - -, Ep.
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(a) (b)

FIGURE 22. Surface plots of the wave-averaged density field from equation (5.6) of an
interfacial wave with an initial interface thickness of k8 =n/10 (a) before and (b) 10 periods
after breaking.

(a) (b)

FIGURE 23. Surface plots of the wave-averaged density field from equation (5.6) of an
interfacial wave with an initial interface thickness of k6 =n/2 (a) before and (b) 10 periods
after breaking.

wave-averaged density field p is given by

1 w
o(x, z, t):W/ o(x,y,z,1)dy, (5.6)
0

and W is the width of the domain. The wave-averaged density fields show how the
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FIGURE 24. Change in the available and background potential energy and the bulk mixing
efficiency, ng = AE,/(AE,—AE,), during wave breaking as a function of the interface thickness
at the onset of breaking.

effect of the breaking process is to lose a significant portion of the wave amplitude
and to increase the interface thickness. The increased interface thickness for both
cases results in the increase in the background potential energy in figures 21(a)
and 21(b). Because interfacial diffusion accelerates immediately upon wave breaking
owing to the ensuing turbulence, the background potential energy rises monotonically
until it asymptotes to the background potential energy of a wave with a thicker
interface.

Figure 24 depicts the change in available and background potential energy resulting
from wave breaking as a function of the mean interface thickness at the onset of
breaking (in general, this is slightly different from the initial interface thickness of
the interface at the onset of forcing). The figure also depicts the ratio of the total
gain in the background potential energy to the sum of the loss of available potential
energy and the gain in the potential energy. This is a measure of how efficiently the
background potential energy rises at the expense of the available potential energy of
the wave. Michallet & Ivey (1999) define the mixing efficiency in a similar manner
for their experiments of breaking interfacial waves on a sloping boundary. Following
their work, we define the bulk mixing efficiency as

AE,

=== (5.7)
AE, — AE,

U]
where AE, and AE, are the total change in the available and background potential
energy resulting from wave breaking. Both arise from irreversible changes in energy.
The available potential energy is lost to the kinetic energy of the flow, which in turn
loses its energy to dissipation. The background potential energy rises irreversibly with
interfacial diffusion which is accelerated by the breaking process. Clearly, there is
a maximum loss of available potential energy and a maximum gain in background
potential energy roughly at k8§ =1, which corresponds to a wave in regime B in
figure 10. This is the point at which energy is transferred most efficiently into the
longitudinal rolls that account for most of the mixing and dissipation in the wave. The
length scale of the longitudinal rolls as well as the cross-stream Kelvin—Helmholtz
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FIGURE 25. Contours of p=0 for waves with three different interface thicknesses during
breaking. Dissipation and mixing are maximized when k§ ~ ka. The waves propagate from
left to right.

billows is set by the interface thickness. How much available potential energy is lost by
the wave is set by the ratio of the interface thickness to the steepness. If the interface
is very thin, then the Kelvin—Helmholtz billows are not energetic enough to influence
the overall character of the wave, and hence mixing and dissipation are limited by
eddies that are of the order of k5, as shown in figure 25(a). However, if the interface
thickness is of the order of the amplitude such that k§ ~ ka, then the size of
the eddies induced by the Kelvin—Helmholtz instability is roughly equal to the
amplitude of the wave. This results in wave overturning in its most catastrophic
sense, and hence results in a maximum energy transfer to the longitudinal rolls which
results in the most dissipation and scalar mixing, as shown in figure 25(b). Too
thick an interface results in two-dimensional convective billows which are too weak
to significantly affect the overall character of the wave, as shown in figure 25(c).
In addition to the size of the billows for the thicker interface, the strength of the
Kelvin—Helmbholtz instability weakens as well with increased interface thickness, up
until the point at which the Kelvin—-Helmholtz billows vanish and the initial instability
is dominated by weak two-dimensional convective instabilities, as was shown in § 4.2.
This weak character of the initial two-dimensional instability in turn weakens the
associated mixing and dissipation during wave breaking. However, because a decrease
in the available potential energy is counteracted by an increase in the background
potential energy, the bulk mixing efficiency is a weak function of the interface
thickness, and the average value is ng =0.42 + 0.07.

To obtain a better understanding of the mixing and dissipation of the breaking
process, it is useful to analyse the instantaneous rate of change of the background
potential energy ¢, from equation (5.3) as well as the dissipation € from equation (5.5).
Figure 26 depicts the non-dimensional rates ¢; = ¢, /(w0 Eqmax) and € =€ /(woEq max)
for four different interface thicknesses. The irreversible energy exchanges reach peak
values soon after breaking. As previously discussed, the largest peaks in the dissipation
and mixing occur for k§ in the intermediate ranges. Multiple peaks in the dissipation
and mixing curves for the thinner interfaces occur as a result of secondary and possible
tertiary breaking owing to pairing of Kelvin—-Helmholtz induced cross-stream vortices.
Each pairing event transfers wave energy into longitudinal convective rolls which
further enhance dissipation and mixing. For large interface thicknesses, the initial
two-dimensional convective rolls do not induce vortex pairing, but rather, transfer
energy into alternate wave components which interact in a nonlinear manner and
generate much weaker convective patches. While thicker waves do not dissipate as
much wave energy during the initial breaking event, the remaining wave energy acts
to enhance further intermittent and localized smaller-scale breaking events through
the nonlinear interaction of these multiple wavenumbers. These events occur over
periods that extend beyond the time period shown in figure 26.
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FIGURE 26. Non-dimensional instantaneous rates of energy exchange ¢; and €" for four
different interface thicknesses. —, k6 =n/10; ———, k6 =3n/10; ——, k8 =mn/2; -, k6 =m.
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FiGURE 27. Instantaneous mixing efficiency n for four different interface thicknesses.
—, k6 =n/10; ———, k§ =3n/10; ——, k§=n/2; - - . ké=m.

The instantaneous relative rate of irreversible energy exchange is given by the
instantaneous mixing efficiency (Winters et al. 1995)

o
g+ €

Figure 27 depicts the instantanous mixing efficiency for four different interface
thicknesses up until /Ty =4. The mixing efficiency after this point is not useful
because as the dissipation vanishes, the mixing efficiency approaches unity and
becomes irrelevant. From figure 27, we see that there is no apparent dependence
of the maximum instantaneous mixing efficiency on the interface thickness. If the
maximum dissipation increases, we would expect the mixing efficiency to decrease.

n= (5.8)
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FIGURE 28. Maximum instantaneous mixing efficiency as a function of the number of cells
in the horizontal, N, for a breaking interfacial wave with interface thickness k8 =n/10. Each
simulation is computed with N3 total cells.

However, an increased dissipation is counteracted by an increased rate of change of
the background potential energy, and hence, just like the bulk mixing efficiency, the
instantaneous mixing efficiency is not affected by the interface thickness. The average
maximum mixing efficiency for all the thicknesses is n=0.36 + 0.02, bringing it to
within the error bounds prescribed by the bulk mixing efficiency, nz =0.42 + 0.07.
While the two values need not be equal, their statistical agreement shows that the bulk
mixing efficiency is dominated by the peaks in the instantaneous mixing efficiency.

5.3. Validation of the mixing efficiency

We demonstrate that the result for the mixing efficiency is grid-independent by
performing simulations of the breaking interfacial wave with k8 =m/10 with varying
grid resolution. With a total number of grid cells given by N*, we plot the maximum
instantaneous mixing efficiency as a function of the number of cells in the horizontal,
N, in figure 28. This depicts the worst case scenario for convergence of the mixing
efficiency, since it represents the thinnest interface case. Clearly, the mixing efficiency
is converging to a value that is less than n =0.38. The maximum mixing efficiency with
N =128 is given by n =0.378, which is within 2% of the mixing efficiency for the most
resolved case with N =160. This indicates that the other calculations are at least as
close to a converged value as this one, since convergence must improve with increased
interface thickness. Therefore, the average mixing efficiency of n=0.36 + 0.02 must
be at least within 2% of the converged value, and represents a lower bound for the
estimate of the mixing efficiency.

Table 1 depicts the mixing efficiency of several scenarios computed by other authors.
The value we obtain for the mixing efficiency is consistent with the larger values
obtained for convectively driven mixing induced by internal wave breaking. Breaking-
wave experiments or simulations with lower values result from a predominant shear
instability that governs the breaking, such as the interfacial wave breaking on slopes
of Michallet & Ivey (1999) or the shear-induced breaking in critical layers of Lin
et al. (1993). While there appears to be a correlation between the predominant
instability and the mixing efficiency for breaking internal waves, it is important to
note that this correlation only applies to the bulk mixing efficiency or the peak mixing
efficiency computed during the turbulent phase of a breaking event. This is because
the peak mixing efficiency can be extremely high during the preturbulent phase of a
developing instability. For example, in their direct numerical simulations comparing
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Mechanism Reference Mixing efficiency
Rayleigh-Taylor instability Linden & Redondo (1991) 0.5
Breaking periodic interfacial waves Present 0.36 +0.02
Critical topography Slinn & Riley (1998a) 0.32 —0.38
Standing waves McEwan (1983a) 0.26 +0.06
Breaking interfacial waves on slopes Michallet & Ivey (1999) 0.25
First principles McEwan (1983b) 0.25
Critical layer Dornbrack (1998) 0.20
Critical layer Lin et al. (1993) 0.13
Grid turbulence Rehmann (1995) 0.05

TaBLE 1. Mixing efficiencies computed by various authors.

Kelvin—-Helmholtz to Holmboe instabilities, Smyth & Winters (2003) compute peak
flux coefficients I'; of roughly 0.7 for the Kelvin—Helmholtz instability and in excess
of unity for the Holmboe instability, which translate to mixing efficiencies of roughly
n=0.41 and n=0.5, respectively, when using the approximation n =~ I;/(1 + I;).
These large values result from the extremely efficient nature of the flows in their
preturbulent phases which result from a strong coherence of the laminar strain
fields. As soon as the flows become turbulent, the instantaneous flux coefficients
for both cases drop to their canonical values of 0.2. Therefore, we stress that the
correlation between the mixing efficiency and the source of the instability can be
made only during the turbulent or fully developed phases of a mixing event. That
is, convectively driven turbulent mixing appears to be correlated with higher mixing
efficiencies than shear-driven turbulent mixing, at least for breaking internal waves.

5.4. Three-dimensionality

In this section, we determine the importance of three-dimensional effects on the
breaking dynamics. This is useful in determining whether or not two-dimensional
simulations are suitable, and if not, how wide the domain must be made in the cross-
stream dimension in order to perform accurate simulations while minimizing the
computational expense. The three-dimensional nature of the flow can be quantified
by computing the kinetic energy associated with each component of velocity in the
three-dimensional simulations and comparing it to the two-dimensional simulations.
The components of the kinetic energy are given by

1
E = 5/vu%dv,
1 2
E2=§ Vude,

1
E3 = E/Vugdv,

so that the total kinetic energy is given by E,=E;+ E,+ E;. The normalized
departure from two-dimensionality of each component is given by

E E
AE] = 71’3 1’2,
Ey 3
E
AE, = =23

9
Ei3
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FIGURE 29. Normalized energy components quantifying the departure from two-dimensionality
for a breaking interfacial wave with interface thickness k8 =3n/5. —, AE{; ———, AE;; ——,
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where E, , represents the mth component of energy in the nth dimensional
computation. For example, E; ; represents the component of energy in the 1 direction
for the 3 dimensional computation. E;, represents the total kinetic energy of
the nth dimensional computation. Therefore, the normalized departure from two-
dimensionality represents a fraction of the total kinetic energy of the three-dimensional
flow.

The departure from two-dimensionality for the interfacial wave with k6 =3m/5 is
shown in figure 29. The figure shows that, while less than 5% of the three-dimensional
energy is contained in the u,-direction, the total kinetic energy of the three-dimensional
flow is more than 25% less than that computed by the two-dimensional flow at
t/T =4. This is due to the lack of dissipation in the two-dimensional computation
resulting from a lack of the three-dimensional longitudinal rolls. These rolls account
for a significant portion of the dissipation in the three-dimensional computations.
Figure 30 compares the two- and three-dimensional dissipation from (5.5) and rate
of increase of the background potential energy from equation (5.3). In subplot (a),
the rate of increase of the background potential energy is shown for both the two-
and three-dimensional cases. Each is normalized by the maximum rate of increase
for the three-dimensional case, ¢43,..,- The same is done for subplot (b), where the
dissipation for the two- and three-dimensional cases are normalized by the maximum
dissipation for the three-dimensional case, €3 ... While the peak rates of increase of
the background potential energy do not differ substantially, the peak dissipation is
roughly half as large for the two-dimensional case as it is for the three-dimensional
case.
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FiGure 30. Rate of increase of (a) the background potential energy and (b) dissipation
normalized by their maxima for the three-dimensional case for a breaking interfacial wave
with interface thickness k8 =3n/5. —, three-dimensional computation; ———, two-dimensional
computation.

The rate of increase of the background potential energy is quite large for the
two-dimensional case because of the reverse energy cascade of the two-dimensional
turbulence. As a result of this energy cascade and the lack of three-dimensional
longitudinal rolls, dissipation for the two-dimensional flow is substantially reduced,
and the scales of motion become larger with time owing to two-dimensional vortex
pairing. Owing to the relatively large Prandtl number of 7, the large vortices stretch
out filaments of density and create grid-scale density variations in the flow field that
cannot be resolved accurately by the SHARP scheme. As a result, the two-dimensional
scalar advection scheme becomes highly diffusive. The three-dimensional flow does
not suffer from this because the energy cascade is to smaller scales which are smeared
by molecular viscosity. Large vortices do not form and thus grid-scale variations in
density are minimized. Therefore, the density gradients in the three-dimensional case
are still resolved accurately by the SHARP scheme and scalar diffusion resulting from
numerical errors is minimal.

6. Conclusions

Finite-amplitude interfacial waves break as a result of an initial two-dimensional
instability that leads to a three-dimensional convective instability. The initial two-
dimensional instability can be divided into three regimes. The first regime concerns
waves with k6 < 0.56 and is covered by Troy (2003). In this regime, the most unstable
wavelength associated with a shear instability is small enough to grow at the interface
and develop Kelvin—Helmholtz billows, but it is not energetic enough to induce
a two-dimensional convective instability within the wave. In the second regime,
further increasing the interface thickness produces waves with energetic Kelvin—
Helmholtz billows that induce a convective instability. The critical Richardson number
during breaking in this regime is given by Ri,;, =0.13, indicating that interfacial
waves can propagate stably with Richardson numbers less than the critical value of
Ri,i, =0.25. In the last regime, waves having a non-dimensional interface thickness
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that is greater than k§ =2.33 are limited in amplitude by a weak two-dimensional
convective instability that results when Fry,, > 1.

Three-dimensional motions develop only after overturns are created as a result
of the initial two-dimensional instability. The overturns induce a region of statically
unstable fluid which is followed by a three-dimensional convective instability. This
convective instability generates longitudinal rolls that account for roughly half of the
dissipation when compared to the dissipation in the two-dimensional computations.
Dissipation of wave energy is maximized when the steepness is the same as the non-
dimensional interface thickness, or when ka ~ k8. The scale of the overturns in an
interfacial wave with a thinner interface is too small to influence the overall character
of the wave, and hence the result is localized mixing that thickens the interface
without too much effect on the wave amplitude. On the other hand, waves with a non-
dimensional interface thickness that is greater than the steepness contain weak two-
dimensional convective billows that are also not energetic enough to cause significant
dissipation and mixing. Instead, the larger motions develop wave components that
introduce an oscillatory character to the wave, and through nonlinear interactions,
induce sporatic breaking after the initial breaking event.

Upon wave breaking, the background potential energy rises irreversibly and the
available potential energy is lost irreversibly to viscosity. The efficiency with which
the breaking process mixes the density field is calculated in one of two ways. The first
is calculated by computing the changes in available and background potential energy
before and after wave breaking, and using these to compute a mixing efficiency. This
bulk mixing efficiency is estimated to be nz=0.42 + 0.07 and is a weak function
of the interface thickness. The second method of computing the mixing efficiency
is by using the instantaneous rate of increase of the background potential energy
and the instantaneous dissipation. The maximum instantaneous mixing efficiency is
given by n=0.36+0.02, and it is also weakly dependent upon the interface thickness.
Compared with other values in the literature which are computed for turbulent mixing
events, the maximum instantaneous mixing efficiency is quite large, indicating that
the turbulent mixing is convectively driven.
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Appendix. Modal analysis
This appendix outlines the methodology used to obtain the linearized wave
frequency w given an interface thickness k§.
A.1. Non-dimensional Sturm—Liouville problem

The linearized non-hydrostatic equations of motion within a two-dimensional
stratified fluid are given by

) 19
oo (A1)
at Lo 0X

ow 10 0

S=-—2-L, (A2)

ot Po 9z Po
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dp _ poN?

o2r , A3
5 P (A3)
u oJw

— 4+ — =0, A4
0x + 9z (A4)

where all quantities represent perturbations from a state of rest in which the
background density profile is used to define the buoyancy frequency as

.
N =-_8°P (A5)
po dz
Solving for w in the linearized equations of motion yields
0% (3w 0w 0%w
— | ==+ N?— =0. A6
ar? (8x2 + Bzz) * dx? (A6)
Assuming a modal decomposition of the form
w= > w,¥%), (A7)

n=0
where w, =, exp(i(k,x — w,t)), and substitution of w into equation (A 6) results in
the eigenvalue problem
1 d?y, 1
N 42 =2
(N?—w?) dz c2
where each eigenfunction ¥, propagates at the the speed ¢, =w,/k,. The boundary
conditions on equation (A 8) require that

W, =0 z=0,—d, (A9)

¥, =0, (A8)

in order to satisfy the no-flux boundary condition at the upper and lower boundaries.
It is acceptable to require that both the horizontal and vertical velocities vanish at
z=0and z = —d since we will assume a priori that the modes propagate as deep-water
waves and are not affected by the upper and lower boundaries of the domain.
The initial non-dimensional density profile in the simulations is given by

—I 1 kd —1 / 1

p'(z')= 3 tanh Z%tanh a(z =1, (A 10)
where o' =p/Ap, 7 =z/d and « =0.99. Defining w, = Now, and N = NyN’, where
N = g/d, the non-dimensional Brunt-Viissild frequency becomes

Ap dp’

N')? = .

(A11)

The ordinary differential equation (A 8) along with the boundary conditions
(A9) can then be non-dimensionalized so that the non-dimensional Sturm—Liouville
problem becomes

[ 2
ma—zz +/Lnlpn=0 (A12)
W, =0, z=0,—1, (A13)

where 11/ =dNy/c,, and the primes have been omitted for clarity.
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FiGURE 31. (a) Density and (b) grid distributions used to solve the Sturm—Liouville problem
(A 12) for koé =n/10, 2rt/5, Tr/10, and n. Every other grid point is shown for clarity.

A.2. Numerical solution

The Sturm-Liouville problem is discretized with a second-order centred finite-
difference discretization on an arbitrarily spaced mesh such that the discretized
form of equation (A 12) is given by the tridiagonal system

Ay + Biyi + Civlriyy — An¥i =0, (A14)

in which the coefficents are given by

2
Ai == — ) )
(Nl- — w%)(Z[+1 —zi1)(zi — zi—1)
2 1 1
B = + , Al5
(N? — @) (zip1 — 2i-1) <Zi+1 R Zi—l) (A1)
2
Ci=—rrm—> ’
(N} — @2)(zit1 — 2i-1)(Zip1 — 1)
for i=2,...,M; — 1, where M; is the number of points discretizing the domain,
including ghost points. Applying the boundary conditions (A 13) results in
By, — By — Ay,

By,—1 — By—1 — Cp—1.

The ; which satisfy equation (A 14) then solve the eigenvalue problem for the real

tridiagonal non-symmetric matrix A € RMi—2x(Mi=2),
(A—2,)¥, =0, (A 16)
where W, = [y, ¥3, ..., ¥ 1] € RM =2 is the nth eigenvector corresponding to the

eigenvalue 4,. Since we are interested in the first, or fastest, mode, this corresponds
to the smallest eigenvalue of A, or Aq.

In general, given a wavenumber ko, we would like to obtain the first mode eigenvalue
Ao to determine the frequency w, or phase speed cy. Therefore, a Newton iteration is
required. With kyd = 3m, we iterate to obtain the eigenvalue Ay for ko6 =mmn/10, where
m=[1,...,10]. The density fields are shown in figure 31(a), and the 128-point grid
we use to discretize the equations is shown in figure 31(b). Figure 32(a) depicts the
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FIGURE 32. (a) First mode solution ¥ to the non-dimensional Sturm-Liouville problem
(A 12) and (b) its associated minimum eigenvalue )L(])/z for ko6 =n/10, 2r/5, 7n/10 and .

first mode solution ¥, for each k8, corresponding to the minimum eigenvalue Z(l)/ 2,
shown in figure 32(b).
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