


346 O. B. Fringer and R. L. Street

Mechanism Reference Mixing efficiency

Rayleigh–Taylor instability Linden & Redondo (1991) 0.5
Breaking periodic interfacial waves Present 0.36 ± 0.02
Critical topography Slinn & Riley (1998a) 0.32 − 0.38
Standing waves McEwan (1983a) 0.26 ± 0.06
Breaking interfacial waves on slopes Michallet & Ivey (1999) 0.25
First principles McEwan (1983b) 0.25
Critical layer Dörnbrack (1998) 0.20
Critical layer Lin et al. (1993) 0.13
Grid turbulence Rehmann (1995) 0.05

Table 1. Mixing efficiencies computed by various authors.

Kelvin–Helmholtz to Holmboe instabilities, Smyth & Winters (2003) compute peak
flux coefficients Γi of roughly 0.7 for the Kelvin–Helmholtz instability and in excess
of unity for the Holmboe instability, which translate to mixing efficiencies of roughly
η = 0.41 and η = 0.5, respectively, when using the approximation η ≈ Γi/(1 + Γi).
These large values result from the extremely efficient nature of the flows in their
preturbulent phases which result from a strong coherence of the laminar strain
fields. As soon as the flows become turbulent, the instantaneous flux coefficients
for both cases drop to their canonical values of 0.2. Therefore, we stress that the
correlation between the mixing efficiency and the source of the instability can be
made only during the turbulent or fully developed phases of a mixing event. That
is, convectively driven turbulent mixing appears to be correlated with higher mixing
efficiencies than shear-driven turbulent mixing, at least for breaking internal waves.

5.4. Three-dimensionality

In this section, we determine the importance of three-dimensional effects on the
breaking dynamics. This is useful in determining whether or not two-dimensional
simulations are suitable, and if not, how wide the domain must be made in the cross-
stream dimension in order to perform accurate simulations while minimizing the
computational expense. The three-dimensional nature of the flow can be quantified
by computing the kinetic energy associated with each component of velocity in the
three-dimensional simulations and comparing it to the two-dimensional simulations.
The components of the kinetic energy are given by

E1 =
1

2

∫
V

u2
1 dV,

E2 =
1

2

∫
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u2
2 dV,
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1

2

∫
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3 dV,

so that the total kinetic energy is given by Ek =E1 + E2 + E3. The normalized
departure from two-dimensionality of each component is given by

�E1 =
E1,3 − E1,2

Ek,3

,

�E2 =
E2,3

Ek,3

,
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Figure 29. Normalized energy components quantifying the departure from two-dimensionality
for a breaking interfacial wave with interface thickness kδ = 3π/5. —, �E1; – – –, �E2; −·−,
�E3; · · · �Ek .

�E3 =
E3,3 − E3,2

Ek,3

,

�Ek =
Ek,3 − Ek,2

Ek,3

,

where Em,n represents the mth component of energy in the nth dimensional
computation. For example, E1,3 represents the component of energy in the 1 direction
for the 3 dimensional computation. Ek,n represents the total kinetic energy of
the nth dimensional computation. Therefore, the normalized departure from two-
dimensionality represents a fraction of the total kinetic energy of the three-dimensional
flow.

The departure from two-dimensionality for the interfacial wave with kδ = 3π/5 is
shown in figure 29. The figure shows that, while less than 5% of the three-dimensional
energy is contained in the u2-direction, the total kinetic energy of the three-dimensional
flow is more than 25% less than that computed by the two-dimensional flow at
t/T = 4. This is due to the lack of dissipation in the two-dimensional computation
resulting from a lack of the three-dimensional longitudinal rolls. These rolls account
for a significant portion of the dissipation in the three-dimensional computations.
Figure 30 compares the two- and three-dimensional dissipation from (5.5) and rate
of increase of the background potential energy from equation (5.3). In subplot (a),
the rate of increase of the background potential energy is shown for both the two-
and three-dimensional cases. Each is normalized by the maximum rate of increase
for the three-dimensional case, φd3,max . The same is done for subplot (b), where the
dissipation for the two- and three-dimensional cases are normalized by the maximum
dissipation for the three-dimensional case, ε3,max . While the peak rates of increase of
the background potential energy do not differ substantially, the peak dissipation is
roughly half as large for the two-dimensional case as it is for the three-dimensional
case.
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Figure 30. Rate of increase of (a) the background potential energy and (b) dissipation
normalized by their maxima for the three-dimensional case for a breaking interfacial wave
with interface thickness kδ = 3π/5. —, three-dimensional computation; – – –, two-dimensional
computation.

The rate of increase of the background potential energy is quite large for the
two-dimensional case because of the reverse energy cascade of the two-dimensional
turbulence. As a result of this energy cascade and the lack of three-dimensional
longitudinal rolls, dissipation for the two-dimensional flow is substantially reduced,
and the scales of motion become larger with time owing to two-dimensional vortex
pairing. Owing to the relatively large Prandtl number of 7, the large vortices stretch
out filaments of density and create grid-scale density variations in the flow field that
cannot be resolved accurately by the SHARP scheme. As a result, the two-dimensional
scalar advection scheme becomes highly diffusive. The three-dimensional flow does
not suffer from this because the energy cascade is to smaller scales which are smeared
by molecular viscosity. Large vortices do not form and thus grid-scale variations in
density are minimized. Therefore, the density gradients in the three-dimensional case
are still resolved accurately by the SHARP scheme and scalar diffusion resulting from
numerical errors is minimal.

6. Conclusions
Finite-amplitude interfacial waves break as a result of an initial two-dimensional

instability that leads to a three-dimensional convective instability. The initial two-
dimensional instability can be divided into three regimes. The first regime concerns
waves with kδ < 0.56 and is covered by Troy (2003). In this regime, the most unstable
wavelength associated with a shear instability is small enough to grow at the interface
and develop Kelvin–Helmholtz billows, but it is not energetic enough to induce
a two-dimensional convective instability within the wave. In the second regime,
further increasing the interface thickness produces waves with energetic Kelvin–
Helmholtz billows that induce a convective instability. The critical Richardson number
during breaking in this regime is given by Rimin = 0.13, indicating that interfacial
waves can propagate stably with Richardson numbers less than the critical value of
Rimin = 0.25. In the last regime, waves having a non-dimensional interface thickness
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that is greater than kδ = 2.33 are limited in amplitude by a weak two-dimensional
convective instability that results when Frmax > 1.

Three-dimensional motions develop only after overturns are created as a result
of the initial two-dimensional instability. The overturns induce a region of statically
unstable fluid which is followed by a three-dimensional convective instability. This
convective instability generates longitudinal rolls that account for roughly half of the
dissipation when compared to the dissipation in the two-dimensional computations.
Dissipation of wave energy is maximized when the steepness is the same as the non-
dimensional interface thickness, or when ka ∼ kδ. The scale of the overturns in an
interfacial wave with a thinner interface is too small to influence the overall character
of the wave, and hence the result is localized mixing that thickens the interface
without too much effect on the wave amplitude. On the other hand, waves with a non-
dimensional interface thickness that is greater than the steepness contain weak two-
dimensional convective billows that are also not energetic enough to cause significant
dissipation and mixing. Instead, the larger motions develop wave components that
introduce an oscillatory character to the wave, and through nonlinear interactions,
induce sporatic breaking after the initial breaking event.

Upon wave breaking, the background potential energy rises irreversibly and the
available potential energy is lost irreversibly to viscosity. The efficiency with which
the breaking process mixes the density field is calculated in one of two ways. The first
is calculated by computing the changes in available and background potential energy
before and after wave breaking, and using these to compute a mixing efficiency. This
bulk mixing efficiency is estimated to be ηB = 0.42 ± 0.07 and is a weak function
of the interface thickness. The second method of computing the mixing efficiency
is by using the instantaneous rate of increase of the background potential energy
and the instantaneous dissipation. The maximum instantaneous mixing efficiency is
given by η = 0.36±0.02, and it is also weakly dependent upon the interface thickness.
Compared with other values in the literature which are computed for turbulent mixing
events, the maximum instantaneous mixing efficiency is quite large, indicating that
the turbulent mixing is convectively driven.
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Appendix. Modal analysis
This appendix outlines the methodology used to obtain the linearized wave

frequency ω given an interface thickness kδ.

A.1. Non-dimensional Sturm–Liouville problem

The linearized non-hydrostatic equations of motion within a two-dimensional
stratified fluid are given by

∂u

∂t
= − 1

ρ0

∂p

∂x
, (A 1)

∂w

∂t
= − 1

ρ0

∂p

∂z
− ρ

ρ0

g, (A 2)
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∂ρ

∂t
=

ρ0N
2

g
w, (A 3)

∂u

∂x
+

∂w

∂z
= 0, (A 4)

where all quantities represent perturbations from a state of rest in which the
background density profile is used to define the buoyancy frequency as

N2 = − g

ρ0

dρ

dz
. (A 5)

Solving for w in the linearized equations of motion yields

∂2

∂t2

(
∂2w

∂x2
+

∂2w

∂z2

)
+ N2 ∂2w

∂x2
= 0. (A 6)

Assuming a modal decomposition of the form

w =

∞∑
n=0

wnΨn(z), (A 7)

where wn = ŵn exp(i(knx − ωnt)), and substitution of w into equation (A 6) results in
the eigenvalue problem

1(
N2 − ω2

n

) d2Ψn

dz2
+

1

c2
n

Ψn =0, (A 8)

where each eigenfunction Ψn propagates at the the speed cn = ωn/kn. The boundary
conditions on equation (A 8) require that

Ψn = 0 z = 0, −d, (A 9)

in order to satisfy the no-flux boundary condition at the upper and lower boundaries.
It is acceptable to require that both the horizontal and vertical velocities vanish at
z = 0 and z = −d since we will assume a priori that the modes propagate as deep-water
waves and are not affected by the upper and lower boundaries of the domain.

The initial non-dimensional density profile in the simulations is given by

ρ ′(z′) = 1
2
tanh

[
2
kd

kδ
tanh−1 α

(
z′ − 1

2

)]
, (A 10)

where ρ ′ = ρ/�ρ, z′ = z/d and α = 0.99. Defining ωn =N0ω
′
n and N = N0N

′, where
N2

0 = g/d , the non-dimensional Brunt–Väissälä frequency becomes

(N ′)2 = −�ρ

ρ0

dρ ′

dz′ . (A 11)

The ordinary differential equation (A 8) along with the boundary conditions
(A 9) can then be non-dimensionalized so that the non-dimensional Sturm–Liouville
problem becomes

1(
N2 − ω2

n

) ∂2Ψn

∂z2
+ λnΨn = 0 (A 12)

Ψn = 0, z = 0, −1, (A 13)

where λ1/2
n = dN0/cn, and the primes have been omitted for clarity.
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Figure 31. (a) Density and (b) grid distributions used to solve the Sturm–Liouville problem
(A12) for k0δ = π/10, 2π/5, 7π/10, and π. Every other grid point is shown for clarity.

A.2. Numerical solution

The Sturm–Liouville problem is discretized with a second-order centred finite-
difference discretization on an arbitrarily spaced mesh such that the discretized
form of equation (A 12) is given by the tridiagonal system

Aiψi−1 + Biψi + Ciψi+1 − λnψi = 0, (A 14)

in which the coefficents are given by

Ai = − 2(
N2

i − ω2
n

)
(zi+1 − zi−1)(zi − zi−1)

,

Bi =
2(

N2
i − ω2

n

)
(zi+1 − zi−1)

(
1

zi+1 − zi

+
1

zi − zi−1

)
, (A 15)

Ci = − 2(
N2

i − ω2
n

)
(zi+1 − zi−1)(zi+1 − zi)

,

for i =2, . . . , Mi − 1, where Mi is the number of points discretizing the domain,
including ghost points. Applying the boundary conditions (A 13) results in

B2 → B2 − A2,

BMi−1 → BMi−1 − CMi−1.

The ψi which satisfy equation (A 14) then solve the eigenvalue problem for the real
tridiagonal non-symmetric matrix A ∈ �(Mi−2)×(Mi−2),

(A − λnI)Ψn = 0, (A 16)

where Ψn = [ψ2, ψ3, . . . , ψMi−1] ∈ �Mi−2 is the nth eigenvector corresponding to the
eigenvalue λn. Since we are interested in the first, or fastest, mode, this corresponds
to the smallest eigenvalue of A, or λ0.

In general, given a wavenumber k0, we would like to obtain the first mode eigenvalue
λ0 to determine the frequency ω0 or phase speed c0. Therefore, a Newton iteration is
required. With k0d = 3π, we iterate to obtain the eigenvalue λ0 for k0δ = mπ/10, where
m = [1, . . . , 10]. The density fields are shown in figure 31(a), and the 128-point grid
we use to discretize the equations is shown in figure 31(b). Figure 32(a) depicts the
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Figure 32. (a) First mode solution Ψ0 to the non-dimensional Sturm–Liouville problem

(A12) and (b) its associated minimum eigenvalue λ
1/2
0 for k0δ = π/10, 2π/5, 7π/10 and π.

first mode solution Ψ0 for each k0δ, corresponding to the minimum eigenvalue λ
1/2
0 ,

shown in figure 32(b).
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